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Abstract 
 
A general method in constructing a complete set of wave functions for 
multipartite identical qubits is presented based on the irreducible 
representations of the permutation group and the nth rank tensors. 
Particular examples for n =2, 3, and 4 are derived and the entanglement 
behavior for each state is examined from several criteria. It is found that 
the states so constructed are all bound entangled states. For the case of 
even n, all the states are found to have maximum “n-tangle”. The 
symmetry in spin space is found to increase the n-tangle in general. The 
“n-tangle” for n = 4 is found not always representing 4-way entanglement.  
It measures the degree of spin-space symmetry instead. A useful 
relationship in the classification between systems containing different 
number of qubits is given in terms of the Young’s Tableaux based on our 
analysis. 
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I. Introduction 
 
Quantum entanglement has puzzled physicists throughout decades of modern 
quantum mechanics. It also becomes a significant resource in the modern quantum 
computation, quantum teleportation, and quantum encryptus [1]. Multipartite 
entanglement is especially important in the study of decoherence, dense coding, and error 
detection in quantum computers [2] and in the study of secret sharing, quantum cloning, 
and controlled coding in telecommunication and telecomputing [3-7]. In addition, the 
multipartite entangled states have many nonclassical correlation physics waiting to be 
explored [2]. The simpler bipartite entanglement has been extensively examined 
previously [8, 9].  There are still many open questions remained to be answered after 
many years of progress to understand its nature. Among the questions are the 
measurements of the entanglement, the definitions of degree of entanglement, and the 
maximal entanglement. The construction and classification of entangled states for 
systems containing more than two qubits have not been studied in the same level of 
sophistication as the bipartite states. Tri-partite [10-14] and 4-partite [12, 15-16 ] systems 
have been received much attention recently. All the attention has been concentrated at 
general mixed states, which do not possess the symmetry of identical qubits presumably 
due to the technological difficulty in producing them and due to the interaction with the 
environment.  
 
Experimentally the preparation of desired entangled multipartite states involves 
the design of quantum circuit with sequence of Hadamard gate and pairwise acting C-
NOT gates [17].  Cavity quantum electrodynamics was also proposed using current 
technologies to prepare the n-qubit W states [18]. With the advance of technology it 
becomes feasible to prepare multipartite systems of any given design. A systematic 
theoretical study of the multipartite entanglements in a complete set of states for identical 
qubit system therefore becomes more important for deeper understanding of the 
dynamics in many-body quantum systems. 
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The present work provides a general method to construct the wave functions of 
multipartite identical qubits based on the symmetry of the permutation groups, and to 
classify these states according to their special irreducible representations in the symmetry 
groups. The states so obtained have the desired symmetry in spin space as well as in the 
phase-space, and are shown to be all pure and entangled. The separability and the degree 
of entanglement associated with each irreducible representation are examined from 
several criterions [14, 19, 20].  A useful relationship of the entanglements between 
systems containing different number of qubits is given in terms of the Young’s tableau 
[21] based on our analysis. 
 
The organization of this paper is as follows. Sec. II will describe the method of 
constructing the irreducible representations of the permutation group and the n-th rank 
tensors. Sec. III gives the examples of bipartite Bell States, tripartite states, and 4-qubit 
states. Summary and discussion will be given in Sec. IV. 
 
II. Method 
 
(1) Construction of symmetrical basis in tensor space. 
 
 For an identical n-particle system in m-dimensional space mV , the direct product 
space, ⋅⋅⋅××××≡ mmmm
n
m VVVVV , forms a tensor space with basis 
 
 nnn iiiiiii ⋅⋅⋅=⋅⋅⋅≡ 2121 ,,,  ,    Where li  is m-dimensional.  (1) 
  
 
 We aim to construct symmetric basis, which remain unchanged by permutations 
of individual particles. This can be done through the consideration of the permutation 
symmetry group Sn. Under certain circumstances the basis states are also required to have 
special symmetry in the mV space. An example is that for m = 2 we want to obtain the 
symmetric and anti-symmetric state basis such as the GHZ entangled states [22]. The 
present approach is to construct the tensor basis with the symmetry of Sn first. Then using 
the new basis sets to construct the final basis that contain the required property in the 
mV space. 
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The permutation group Sn describes the symmetry of the n identical particles. 
There is a special elegant way to determine the classes of the Sn group using Young’s 
Diagrams, which are the graphical representations of the different partitions associated 
with Sn [21]. Each diagram consists of n squares arranged in rows of different width. The 
number of distinct Young’s Diagrams for a given n is equal to the number of classes in Sn 
and it in turn is equivalent to the number of inequivalent irreducible representations of Sn. 
By filling the squares of a Young’s diagram with letters a, b, c, …. , in order from left to 
right and from the top row to the bottom row one obtains a normal Young’s Tableau. In 
analogy to the construction of basis functions for irreducible representations in the space 
groups in solid state physics using the basis function generation machine [23], the tensors 
of the symmetry class λ consisting 
n
ieλ , where 
n
mn
Vi ∈ , can be generated from each 
Tableau λ by first identifying the irreducible symmetrizer, eλ, which is the primitive 
idempotent associated with the symmetry class. Using the basis function generating 
machine, the simple application of the operation eλ on any one of the basis  ni will give 
either zero or one of the basis functions associated with the λth irreducible representation 
of the permutation group Sn in nmV space. The normalization factor is not given in this 
generation procedure, but is easily added afterward.  
 
 The basis functions so obtained may be designated as “permutation harmonics” in 
analogy to the “cubic harmonics” generated from the crystal space groups. They are 
related to the components of the total angular momentum of the system. The Young’s 
Tableaux also serve to relate the evolution of irreducible representations for different 
number of n in a transparent way as we shall see in our examples in Sec. III. 
 
 Because the irreducible representation dictates the specific outcome of symmetry 
transformations its basis vectors would undergo, and because the basis functions of 
different irreducible representations are orthogonal, it is a natural way to classify the 
wave functions in nmV  space according to the representation they belong. 
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 In additional to the permutation symmetry in n space, the transformation within 
the m dimensional space of each particle must also be considered. We shall only consider 
the m = 2 case in the following discussion for qubits. 
 
If { }g represents a set of linear transformations on mV , and if, with respect to the 
law of multiplication, { }g forms a group, Gm, in mV , we have 
 
b
a
m
b
gbag ∑
=
=
1
.      (2) 
 
This group Gm induces mn× dimensional representation of transformations in nmV space, 
such as, 
 n
n
j
i
j
i
j
i
j
i
j
i gggggD ⋅⋅⋅≡ 33
2
2
1
1
)(       (3) 
 
 In V2 space the Pauli spin operator σx is known to be a local spin-flip (or bit flip) 
operator and σz is the phase flip operator. If we use σxj to represent the spin flip operator 
in the j subspace in nV2  ( i.e. the j-th qubit), and the jth qubit has the wave function 
10 10 aa + , here ,1,0  label the spin up and spin down states, then 
0
1
1
0
a
a
a
a
xj =σ           (4a) 
 
1
0
1
0
a
a
a
a
zj
−
=σ         (4b) 
 
 After the distinct basis vectors associated with each irreducible representation of 
Sn in nV2  space are found, the entangled states which are symmetric or anti-symmetric in 
spins are obtained by applying the operator ( )xnxcxbxanT σσσσ ⋅⋅⋅⋅±≡± 12
1)(  in V2 space 
to each basis vector. Here the ±  sign produces the two different phase states in the 
system. Note that 2
)(; GTSe nn ∈∈ ±λ , and T±
(n) is a collective unitary transformation of the 
state. 
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 While the basis function for each irreducible representation of Sn is associated 
with an angular momentum state quantized along the z-direction, it does not always have 
the symmetry (or antisymmetry) in the spin space when the total angular momentum 
component 0≠Jm . 
)(nT±  has the property to mix the +mJ and - mJ states and give 
symmetric and antisymmetric states in the V2 space. It does not affect any mJ = 0 state as 
we shall see in the next Section. )(nT± also has the physical meaning of producing a 2
πθ =  
rotation of the states about the y-axis so that the new states become quantized along the x-
direction. 
[ ]
[ ] 


−=−−=
=−+=
−
+
xzzz
n
xzzz
n
mmmmT
mmmmT
2
1
2
1
)(
)(
     (5) 
where im  denotes the state quantized along the ith axis with component mi. 
 The entangled pure states so produced span the nV2 space and have many interesting 
features useful in the identification and transformation among the states. 
 
        (2). Characterizing the tensor basis in nmV . 
 
  To characterize the constructed basis states we utilize many available criteria to 
test the entanglement, the separability of individual states, and the compatibility among 
states with m = 2 and different values of n.  
 (A). We use the ρρ =2  criterion of density matrix to test whether the state is 
pure. 
 (B). There are several ways to test the entanglement of a given state. The Peres-
Horodecki separability criterion (PH)[14, 19] indicates that a state is separable from the 
subsystem I, if a matrix ITρ obtained by partial transposition of the state density matrix ρ 
with respect to I has only non-negative eigenvalues. That is, the determinant of ITρ is 
non-negative. This is a necessary and sufficient condition for m = 2, n = 2 case only. For 
other cases it is only a necessary condition. 
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 (C). The concurrence Cjk > 0 is a necessary and sufficient condition for 
entanglement between a pair of qubits j and k [8, 10]. Concurrence is a measure of 
biqubit entanglement. 
 (D). When criterion in (B) does not give entanglement indication in the system we 
use another criterion which is more elaborate, but is a necessary and sufficient condition 
applicable to any pure state. Pope and Milburn (PM) [20] proposed a necessary and 
sufficient condition for the existence of genuine M-way entanglement for P-partite pure 
states, where P>M. It involves the test of the traces of reduced density matrix squares. 
2
jQ
Tr ρ <1 for all possible sets of subsystems Qj in the M-partite subsystem if and only if 
the system is M-way entangled, where 
jQ
ρ is the reduced matrix obtained from the state 
density matrix ρ by tracing over the subsystem Qj. Note that our notation jQρ is different 
from the one used in Ref. 13 and many other references. Under our notation, tracing over 
qubit c in a triqubit system produces reduced matrix cρ whereas abρ is used to denote it in 
Ref. 13. For multipartite systems with n > 3 our notation is simpler to use.  We use this 
PM criterion for our pure states when the Peres-Horodecki criterion fails. In our examples 
in Sec. III it is found that this PM criterion for M-way pure state entanglement is 
equivalent to the criterion 
jj QQ
ρρ ≠2  in a bipartite split.  
 (E). When PH criterion does not show entanglement but PM shows, the system is 
bound entangled. The distillability of a state density matrix can be tested by examining its 
partial transposes. Entangled states with non-negative partial transposes cannot be 
distilled [12]. 
 (F). To examine the compatibility among states with different values of n, we 
approach in two ways, comparing the angular momentum corresponding to each state and 
comparing the density matrices of n-partite states with the reduced matrices of n+1-
partite states. 
 (G). The ITρ for larger n is not difficult to construct if one uses the following 
scheme.  We choose a particular set of N  standard basis for the ρ matrix in n qubit 
system, here ∑
=
+=
n
s
sN
0
21 . The standard basis are created through the numbers, 1, 2, 
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3,…, N, in descending order, expressed in binary form. For example, for n = 2, they are 
00,01,10,11 ; and for n = 3, they are .......,101,110,111  . Here the positions in 
the kets refer to qubits, a, b, c,…, in that order. The aTρ is obtained from ρ by dividing ρ 
into 2×2 sub-matrix form and interchange the diagonal sub-matrices. The bTρ is obtained 
from ρ by dividing ρ into 4×4 sub-matrix form and interchange the diagonal sub-matrices 
in each quadrant. The matrix of tranposition of the jth qubit, jTρ , is obtained from ρ by 
dividing ρ into jj 22 ×  sub-matrix form and interchange the diagonal sub-matrices in 
each sub-quadrant. For a subsystem k including qubits k1, k2, …kj we have the following 
relation jkkkjkkkk TTTTT ...2121 )))((( ρρρ ≡⋅⋅⋅= . 
(H). Since the separability of a system into M parts can always be examined 
through its separability into smaller number of parts, it is sufficient to characterize the 
separability of a large system through all possible division of the system into two parts 
[12]. 
(I). The degree of entanglement for each state is obtained by evaluating the 
concurrence and n-tangle. 
 
 
III. Examples 
 
For a permutation group Sn the number of different permutation involving t 
objects (1, 2, …..t) is 
t
tnnnn )1()2)(1( +−⋅⋅⋅⋅−− , and the total number of group 
elements is n!. Therefore the number of group elements for Sn increases rapidly from 2 to 
24 as n increases from 2 to 4. However, the construction of the multipartite wave 
functions is still manageable for larger number of qubits using computer algorithm. 
 
 (1).  n=2, m=2 case 
 
  There are two symmetry classes and thus two irreducible representations in 
2
2V space, corresponding to the first two Young’s Tableaux shown in Fig. 1.  In Fig. 1 the 
Tableaux are labeled by (n, λ), where n denotes the number of qubits in the system and λ 
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the λth Tableau associated with Sn.  The irreducible symmetrizer (primitive idempotent), 
eλ, associated with each tableau λ for n=2 is given, respectively, by 
 
( )
( ) 

−=
+==
abee
abese
2
21        (6) 
 
 where letters are used to label the qubits,  (ab) denotes the permutation symmetry 
operation for a and b qubits, s2 represents the group elements of S2 group, and e is the 
identity operation. Applying the e1 to the biqubit basis functions, 
,10,01,11,00 orab =  where the two positions in the kets refer to qubits, a, b, in 
that order, we obtain 
( ) 






=≡+==
=≡=
=≡=
+
−
+
3,1,21001
2
11001
2,1,21111
1,1,20000
11
1
1
Bee
Ae
Ae
    (7) 
 
for the first Young’s tableau. We add the normalization factors for all the basis functions 
obtained in this work. The basis functions (A+, A−, B+) , so obtained, are symmetric 
tensors belonging to the J=1 triplet state. They are associated with the mj=1, −1, and 0 
state, respectively. We also use the notation tn ,, λ to represent the basis function 
corresponding to the tth row within the λth irreducible representation (λth Young’s 
Tableau) for the n-partitie system.  
The e2 operates on the ab produces a J=0 singlet state (mJ=0) for the second Young’s 
Tableau as follows  
 
( ) 


=≡−=−=
==
− 1,2,21001
2
11001
01100
22
22
Bee
ee
 .     (8) 
 
B- is an antisymmetric tensor. These basis functions, though orthogonal, do not all 
represent entangled states. The A+ and A− states are eigenvalues of  Jz, but are untangled.  
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Applying the operator )2(±T further to get the symmetric and antisymmetric states in the 
spin space V2 allows the mixing of the basis to the greatest extent. We find 
( )
( )
( )









=
Ψ=−=
=
Ψ=+=
Φ=±==
−
+
−−
−
+
−
++
+
±−
±
+
±
0
1001
2
1
0
1001
2
1
1100
2
1
)2(
)2(
)2(
)2(
)2()2(
BT
BT
BT
BT
ATAT
Bell
Bell
Bell
    (9) 
 The )2(±T operator has the physical meaning of rotating the total angular 
momentum quantization direction from z to x. It is not a local unitary transformation of 
the form ba UU ⊗  because the maximally entangled Bell states 
±ΦBell  can be obtained 
only when all the qubits are brought together and allowed to interact. The ±ΦBell  state 
corresponds to (J=1, mJ = ±1) states quantized along x direction, whereas +ΨBell and 
−ΨBell  
correspond to (J=1, mJ =0), and (J=0, mJ=0) state, respectively. 
 
 The Bell states are maximally entangled pure states with concurrence equal to 
one. 
 Local or global operators that may transform these entangled states among one 
another are summarized here. The phase bit operator, xbxaxP σσ≡
)2( , and the parity 
operator, zbzazP σσ≡
)2( , give the phase and parity of the Bell states, respectively, as 
follows. 
 



Ψ−=Ψ
Φ=Φ
Ψ±=Ψ
Φ±=Φ
±±
±±
±±
±±
BellBellz
BellBellz
BellBellx
BellBellx
P
P
P
P
)2(
)2(
)2(
)2(
        (10) 
There also exists invertible local unitary transformations xjxjP σ≡
)2( that flip the parity of 
the states. 
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


Φ=Ψ
Φ±=Ψ
Ψ=Φ
Ψ±=Φ
±±
±±
±±
±±
BellBellxb
BellBellxa
BellBellxb
BellBellxa
P
P
P
P
)2(
)2(
)2(
)2(
       (11) 
 
 
(2).  n=3, m=2 case 
   
 The primitive idempotents for the four n=3 distinct Young’s tableaux shown in 
Fig. 1 are 
( ) ( ) ( ) ( ) ( )
( )[ ] ( )[ ] ( ) ( ) ( )
( )[ ] ( )[ ] ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) 




++−−−=
−−+=−+=
−−+=−+=
+++++==
cbaabcacbcabee
bcaabaceabeacee
cbaacabeaceabee
cbaabccabcabese
4
3
2
31
   (12) 
where s3 represents the group elements of S3 permutation group. 
abce1  produces the quartet corresponding to the total angular moment J=3/2 in the 
3
2V tensor space. Their basis functions are totally symmetric as given below. 
 
( )
( ) 






=≡++=
=≡++=
=≡=
=≡=
−
+
−
+
4,1,3011101110
3
1110
3,1,3100010001
3
1001
2,1,3111111
1,1,3000000
21
21
11
11
Qe
Qe
Qe
Qe
   (13) 
These functions correspond to mJ =3/2, -3/2, 1/2, -1/2, respectively, for Q1+, Q1−, Q2+, 
Q2−. Again, νλ,,n  is used to denote the basis function associated with the λth Tableau 
and νth basis of  the λth irreducible representation. 
 
  Each of the e2 and e3 produces a doublet with their basis functions symmetric with 
respect to qubits a, b and a, c, respectively, as shown below. 
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( )
( ) 


=≡−−=
=≡−−=
−
+
2,2,31010111102
6
1110
1,2,30101000012
6
1001
12
12
De
De
   (14) 
 
( )
( ) 


=≡−−=
=≡−−=
−
+
2,3,31100111012
6
1110
1,3,30011000102
6
1001
23
23
De
De
   (15) 
 The total angular momentum associated with the two doublets is J =1/2.  mJ for 
Di+ and Di− are 1/2 and –1/2, respectively. The partial angular momenta for these two 
doublets are different; 1=+ ba ss
rr  for the D1 doublet and 1=+ ca ss
rr  for the D2 doublet. 
  e4 does not produce any state because there exists no totally antisymmetric tensors 
in nmV  if m < n. 
 Applying )3(±T to the above generated basis functions abceλ  to create symmetric 
and antisymmetric wave functions in the spin space, we obtain 
 
( )
( ) ( )[ ] 


++±++==
Ψ=±=Ψ=
±±
±
±±±
±
011101110100010001
6
1
111000
2
1
32
)3(
331
)3(
WQT
QT GHZ
  (16) 
 
for the quartet in λ=1 Young’s Tableau; 
 
( ) ( )[ ]10101111020101000012
12
1
31
)3(
−−±−−== ±±± UDT   (17) 
 
for the doublet in λ=2 Young’s Tableau; and 
 
( ) ( )[ ]11001110120011000102
12
1
32
)3(
−−±−−== ±±± VDT   (18)  
 
for the doublet in λ=3 Young’s Tableau. 
 
 The two doublets, ,, 21
±± DD  belong to the same Young’s Diagram (but not the 
same Tableau) are not orthogonal, but are distinct. If we construct a doublet, which is 
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orthogonal to ±1D and antisymmetric between qubit a and b, such as 
±±± += 21 2DDF , we 
would find very different entanglement behavior of this doublet as discussed later. 
 
The total angular momentum and partial angular momentum designation of the 
three-partite states are listed in Table I. In order to study the evolution of the states from 
n-partite to (n+1)-partite obtained from the Young’s Tableaux, we examine and compare 
their density matrices ρ, reduced density matrices ρI, and their classical angular 
momentum classifications. Firstly, we look at the n=2 and n=3 cases. We obtain 
unambiguous relations among these states, which can also be visualized from the simple 
Young’s Tableaux. 
 
By comparing ρ of the bipartite Bell states with the reduced density matrices ρi of 
the 3-partite states we establish the compatibility between these two sets of states. It is 
listed in Table I and indicates the evolution of the states in the following way. 



Ψ←
ΨΦ←
ΨΦ←
Φ←Ψ
−±
±±±±
+±±
±±
Bell
BellBell
BellBell
Bell
F
VU
W
,,
,
33
3
3
  .       (19) 
This assignment is consistent with the angular momentum evolution and with the 
evolution of the Young’s Tableaux when the number of qubits increases. The states 
generated from the λ=1 Tableau for (n+1)-partite are only related to those from λ=1 for 
smaller partite. Thus the (3, 1) is related to only the (2, 1) in Fig.1. In other words, the 3-
way entangled states, ±Ψ3 , cannot be related with the singlet states, 
−ΨBell .  On the other 
hand, (3, 2) or (3, 3) are related to both (2, 1) and (2, 2) in Fig.1.  Since the ±F can be 
expressed as the product state in biqubit ab and qubit c subspaces, cBellF ψ⊗Ψ= −± , 
where cψ is the added qubit c, they can only be related to the (2, 2) bipartite Tableau in 
Fig. 1. 
 The concurrence CJK has been used as a useful measure of entanglement for 2-
qubit and 3-qubit systems [8,11]. A residual entanglement or 3-tangle τ3 was also defined 
to quantify the 3-way entanglement in 3-qubit system [11]. Both concurrence and 3-
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tangle for general three-partite states have been examined extensively by Rajagopal and 
Rendell [10]. Our calculated entanglement measures for the eight states in eqs.(15-17) are 
listed in Table II. In Table II CI(JK) represents the concurrence between two subsystems; 
one containing the qubit I and the other containing biqubit JK. A useful measure to 
classify the class of states is 222 bcacab CCCE ++≡τ  [13]. The calculated values can also be 
found in Table II. For comparison with the eight states in the complete set of wave 
functions the corresponding results for states F± which do not belong to the Young’s 
Tableau, and states ±2Q which do not have the symmetry in the V2 space are also listed. 
 
 The separability and distillability of three-partite and multipartite systems were 
discussed in Ref. 14. The entanglement properties for the states given in eqs. (13-18) are 
examined in details in this work using various criteria mentioned in Sec.II(2). Results are 
listed in Table II. The states are found to be all pure states as indicated in the 2nd column 
in Table II.  All states fail in the PH inseparability criteria test. Their partially transposed 
density matrices have no single negative eigenvalue as displayed in 5th column.  Thus the 
more elaborate PM test is used to study each state. From the PM test, except the Q1± 
states in eq.(13), all other states are found to be entangled pure states with different kinds 
and degrees of entanglement. Thus they belong to undistillable bound entangled states.  
The results for the above eight states in eqs. (15-17) are summarized in Table II. The 
construction of inseparable mixed states with positive partial transposition was discussed 
by Horodecki [24]. A new necessary and sufficient condition of separability was 
provided there in terms of the range of density matrices. However, such new criterion is 
equivalent to the old PH criterion for pure states. It is the first time that the pure states 
generated here are found to be inseparable but with positive partial transpositions using 
the PM criterion. 
 
The first two sets of basis functions in eq.(15) are the much-discussed GHZ states 
and Werner states for three qubits [10]. The zero biqubit concurrence value for a given 
CJK indicates the fragilily of that state when the I-th qubit is removed. Here IJK signifies 
the cyclic permutation of the three qubits. The ±Ψ3  are fragile of losing one qubit, 
evidenced by the zero concurrency and the zero partial transpose of its reduced density 
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matrix.  However, ±Ψ3 is maximally three-qubit entangled with 3-tangle equal to 1 [10, 
13].  Thus the operation of )3(±T on Q1
± changes the states from unentangled to maximally 
entangled states ±Ψ3 .  This GHZ state has been found for three spatially separated 
photons in Ref. 25, and has direct application in quantum communication and 
computation protocols.   
 
±
3W is maximally robust against the loss of any one of the three qubits. The 
concurrence value for any marginal pair associated with this state is 1/3 whereas the 3-
tangle is 1/3. It is interesting to see that before applying the operator )3(±T to generate 
±
3W , 
the state ±2Q has the form of +ΨWRR in Ref.10 and has concurrence 2/3 but zero 3-tangle. 
This is a proof that the entanglement of a linear combination of states may be different 
from those of individual states. Note that the )3(±T  operation increases the 3-tangle in the 
expense of decreasing the concurrency in ±3W  states. 
 
 The ±3U (
±
3V ) are symmetric with respect to qubit a and b (a and c). They are also 
robust against the loss of any one qubit. However unlike the ±3W  state they have different 
degree of entanglement among different pairs.  The concurrence value for two marginal 
pairs is 2/3 and for one pair is 1/3. The 3-tangle is zero for these four states. The states 
±F , which do not belong to any of the Young’s Tableaux, are not entangled because they 
fail to satisfy either criterion ( 1,0det 2 == c
T TrbutC ρρ ). This is again a proof that the 
entanglement of a state may change by mixing with other states.  
 
Any tripartite mixed state can be expressed as a linear combination of these eight 
states generated from the three Young’s Tableaux. ( ±F states may replace the ±3V  states 
in the expansion.) 
 
From Table II we find that there is a simple way to identify the entanglement of 
the states without going through the much elaborate PH or PM tests. Since these states 
 16 
are all pure states, the fourth column can readily prove that all the states, except F±, are 
inseparable from the subsystem I , because they have the relation ρρ ≠IT . F± is 
separable from quit c, but not from a or b since a and b are entangled. In addition the 
reduced density matrix has the unique property to identify the separability of a state 
because partial tracing operation gives rise the correct description of observable 
quantities for the state of the subsystem I of multiqubit systems. In other words, it 
provides the correct measurement statistics for any measurement on the subsystem. For 
example, the 6th and 7th columns of Table II indicate that, except for cρ of F± states, the 
II ρρ ≠2  and all the values of 2ITr ρ are less than 1. This shows that the subsystems are 
mixed states although the composite systems under consideration are pure states. The 
composite systems are inseparable. On the other hand, after tracing over the subsystem c, 
F± states become −ΨBell state, which is a pure state. Combined with the fact that 1
2
=cTr ρ  
it confirms the separability of the F± states into c and (ab) parts. The 8th column displays 
the fragility of ( )±±Ψ F3  after losing any one qubit (qubit a or b).  
 
It is interesting to analyze how the bipartite entanglement in these Tableaux 
changes when the number of qubits increases. The 10th column lists the calculated CJK for 
n = 2, 3.  CJK decreases as n increases. It also confirms no entanglement between c and 
(a, b) for F± although there is correlation between the two subsystems.  In the 11th column 
CI(JK) represents the concurrence between two subsystems I and (JK). Our calculated 
result also equals to JKρdet2 , consistent with the conjecture given in Ref. 11 for pure 
states. The 12th column displays the residual bipartite entanglement Eτ  defined in Ref. 13.  
This value is used to show the distinct classes among the states. It is interesting to note 
that the states ±2Q , although does not have any symmetry in the spin space, do have the 
maximal Eτ  and averaged two-qubit concurrence. All the rest of the  tripartite pure states 
in Table II have 43<τE , in consistent with the prediction given in Ref. 13 for three-
partite states. The 3-tangle for each state obtained using columns 10th and 11th are given 
in column 13th. The interesting feature can be seen that the CJK decreases but the τ3 
increases from ±2Q to 
±
3W . There seems to be redistribution of entanglement types with 
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the application of the )3(±T operator. This result also shows that quantum states have finite 
susceptibility for entanglement [16]. 
 
The combined local or global operators ( )zazczczbzbzazP σσσσσσ ++≡ 3
1)2(  and 
xcxbxaxP σσσ≡
)3(   serve as the phase bit and parity operators for the tripartite states. 
 


Φ−=ΦΨ=Ψ
Φ±=ΦΨ±=Ψ
±±±±
±±±±
33
)2(
33
)2(
33
)3(
33
)3(
zz
xx
PP
PP
     (20) 
 
Here ±Φ 3  represents 
±
3U , 
±
3V or 
±
3W . 
These two operators have been used in the depolarization procedure to convert any mixed 
state into a standard form of 3-qubit density matrix with orthonomal GHZ basis in the 
expansion [14]. Eq.(20) gives another indication that the ±± ΨΦ 33 , states cannot be 
depolarized and are inseparable pure states. 
 
 In addition, we find an operator zczbzazP σσσ≡
)3( , which flips the phase and gives 
the parity of the states and may be called combined parity and phase flip operator. 
 


Φ−=Φ
Ψ=Ψ
±
±
m
m
33
)3(
33
)3(
z
z
P
P
        (21) 
The above operators do not change the density matrix of each state. 
  
It is interesting to see that there are other local operators, which are non-invertible 
but change one state to another within the same Young’s diagram. For example, 
 
( )
( )







=
=
±=Ψ++
=Ψ++
±±
±±
±±
±±
33
33
33
33
3
1
3
1
UV
VU
W
W
xcxb
xcxb
xaxcxcxbxbxa
xcxbxa
σσ
σσ
σσσσσσ
σσσ
    (22) 
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 Since one cannot convert the positivity of partial transposition of a given state by 
local operations [12], eqs. (11 and 22) clearly indicate that states generated from the same 
Young’s Tableau have the same partial transposition property and same type of 
entanglement.  Both ),(, 3333
±±±±Ψ VUW  have non-zero (zero) values of 3-entangles are the 
examples. 
 
 (3).  n=4, m=2 case 
 
       There are five classes in S4 group characterized by their given cycle structures. Since 
the number of distinct Young’s diagram is equal to the number of distinct irreducible 
representations, which is, in turn, equal to the number of classes in the group, we have 
five distinct diagrams for n=4, as shown in Fig. 1. The last two diagrams do not generate 
any tensor because m<n. Therefore we only consider the six Young’s Tableaux given in 
Fig.1. The irreducible symmetrizer  eλ associated with each Tableau λ is the primitive 
idempotent generating the corresponding basis tensors. They are in the following forms. 
 









−−++=
−−++=
−=
−=
−=
++++++
++++++++
+++++++++==
)]()][()][()][([
)]()][()][()][([
)]([
)]([
)]([
))(())(())(()()()(
)()()()()()()()(
)()()()()()()()()(
6
5
)(
34
)(
33
)(
32
41
cdeabebdeacee
bdeacecdeabee
abese
acese
adese
acbdadbccdabbacddcabdbca
acbddcbaabcddbaacdabdcbadcb
dcabcdabcdacdbdcabcabese
acd
abd
abc
 (23) 
where s4 represents the group elements of the S4 permutation group and s3(ijk) represents 
the group elements of S3 group with basis ijk. 
Following the same procedure as in the tri-partite system, abcdeλ  for λ=1, 2, 3, 
4, 5, 6, produces quintuplet, triplet, triplet, triplet, singlet, singlet with J= 2, 1, 1, 1, 0, 0, 
respectively. Note that each Young’s Tableau is associated with a total angular 
momentum J with (2J+1) degenerate states.  
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[ ]
[ ]
[ ]









=≡
+++++=
=≡+++=
=≡+++=
=≡=
=≡=
+
−
+
−
+
5,1,4
101011000110001110010101
6
10101
4,1,40111110110111110
2
11110
3,1,41000001001000001
2
10001
2,1,411111111
1,1,400000000
1
1
1
1
1
1
C
e
Ge
Ge
Ee
Ee
  (24) 
  
 
E+, E−, G+, G−, C+, are states with J=2 and mJ = 2, -2, 1, -1, 0, respectively, and are 
symmetric with the exchange of any pair of qubits. 
 
[ ]
[ ]
[ ]







=≡
−−−++=
=≡−−−=
=≡−−−=
−
−
+
3,2,4
110001101010001110010101
6
10101
2,2,410111101011111103
32
11110
1,2,401000010100000013
32
10001
1
2
2
2
C
e
Le
Le
  (25) 
L+, L−, C1−, are states with J=1 and mJ = 1, -1, 0, respectively, and are symmetric with 
exchange of ab, bc, ac qubits. 
 
[ ]
[ ]
[ ]







=≡
−−−++=
=≡−−−=
=≡−−−=
−
−
+
3,3,4
110001011001001110100110
6
10101
2,3,410111110011111013
32
11110
1,3,401000001100000103
32
10001
2
3
3
3
C
e
Me
Me
  (26) 
M+, M−, C2−, are states with J=1 and mJ = 1, -1, 0, respectively, and are symmetric with 
exchange of ab, bd, ad, qubits. 
. 
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[ ]
[ ]
[ ]







=≡
−−−++=
=≡−−−=
=≡−−−=
−
−
+
3,4,4
101000111001010111000110
6
10101
2,4,411011110011110113
32
11110
1,4,400100001100001003
32
10001
3
4
4
4
C
e
Ne
Ne
  (27) 
N+, N−, C3−, are states with J=1 and mJ = 1, -1, 0, respectively, and are symmetric with 
exchange of ac, dc, da qubits. 
 
[ ] [ ]{ }



=≡
+++−+=
+ 1,5,4
1010010101101001110000112
32
10011
2
5
C
e
 (28) 
C2+, is a state with total J=0, mJ = 0, and is symmetric with simultaneous exchange of ab, 
and dc qubits. 
[ ] [ ]{ }



=≡
+++−+=
+ 1,6,4
1100001101101001101001012
32
10011
3
6
C
e
 (29) 
 C3+, is a state with total J=0, mJ = 0, and is symmetric with simultaneous exchange of 
ac, and bd qubits. 
 
 Applying )4(±T to the generated basis abcdeλ we obtain 
( )
[ ]
[ ] 






+++++==
±==
Ψ=±=±=Ψ=
++
±
−+±±
±
±−+±±
±
101011000110001110010101
6
1
2
1
)(
2
111110000
2
1
11
)4(
4
)4(
44
)4(
CCT
GGWGT
EEET GHZ
 (30) 
 
for the λ=1 Tableau; 
 
[ ]
[ ] 


−−−++==
±==
−−
±
−+±±
±
110001101010001110010101
6
1
2
1
11
)4(
4
)4(
CCT
LLXLT
 (31) 
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for the λ=2 Tableau; 
 
[ ]
[ ] 


−−−++==
±==
−−
±
−+±±
±
110001011001001110100110
6
1
2
1
22
)4(
4
)4(
CCT
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  (32) 
 
for the λ=3 Tableau; 
 
[ ]
[ ] 


−−−++==
±==
−−
±
−+±±
±
101000111001010111000110
6
1
2
1
33
)4(
4
)4(
CCT
NNZNT
 (33) 
 
for λ=4 Tableau; 
 
[ ] [ ]{ }1010010101101001110000112
32
1
22
)4( +++−+== ++± CCT  (34) 
 
for λ=5 Tableau; and  
 
[ ] [ ]{ }1100001101101001101001012
32
1
33
)4( +++−+== ++± CCT  (35) 
 
for λ=6 Tableau. 
 
 The application of )4(±T  does not affect the Cj
± states which are mJ =0 states. This 
is consistent with the physical meaning of the )(nT±  being the rotation operator of the 
quantization axis for the total angular momentum.  
 
These sixteen wave functions in eqs.(30-35) form the complete basis for four-
qubit system. Any state in this system may be expanded in terms of these wave functions. 
They are entangled pure states because each one of them cannot be expressed as a direct 
product state. The total angular momentum and partial angular momentum designations 
of these states are listed in Table III. 
 
 The relationship between the n = 4 and n = 3 states are given as follows. 
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


←
←
Ψ←
Ψ←Ψ
±±±
±±±
±±±±±
±±
334
324
33414
34
,
,
,,,
VCZ
UCY
WXCW
        (36) 
These relations are again established by comparing the ρ of the 3-partite states 
with the reduced density matrices ρI  of the 4-partite states, and by considering the 
angular momentum evolution of respective states. This result is consistent with the 
simple intuitive argument from the structure of the corresponding Young’s Tableau. 
 
We have also adapted our method in Sec. II(2) to test the entanglement of the 
states in the 4-qubit system here. All the basis state density matrices do not have negative 
transposition under the PH test. But they all pass the test of PM to indicate that they are 
bound entangled states. They are also undistillable. The classification of the separability 
for general 4-qubit systems has been discussed in Ref. 12. Although there are over 300 
different ways that this system can be separated, only one level of the hierarchic 
structure, namely the 2-separability, is required to completely classify the states in this 
system. This is based on the fact that n-separability of the system split follows from the 
corresponding (n-1)-separability. Thus we only need to study the 2-separability of all 
possible two-part splits in Table IV in order to determine the entanglement of each state.  
  
In Table IV, I represents one of the split-off subsystem which contains a single 
qubit or biqubit, and J represents any single qubit that is not in the subsystem I.  The first 
column lists the states from different Young’s Diagrams. Results for states from different 
Young’s Tableaux can be obtained from their corresponding states in the same Diagram 
through the exchange of labels given in Fig. 1. Thus results for ±± 44 , ZY  can be obtained 
from that for ±4X ; 
−−
32 , CC from that for 
−
1C ; and 
+
3C from that for 
+
2C in Table IV. The 
result in second column indicates that all the states in the Table are pure states. The third 
column list some possible subsystems I that characterize different entanglement behavior 
for each state, a complete list of the subsystems can be obtained through the symmetry of 
qubits given in Table III. The fourth column shows ρρ ≠IT  for all the states. This 
criterion alone is sufficient to show the entanglement of these pure states. However, in 
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order to double check with other criteria using PH and PM tests we calculate the 
transpositions of the density matrices and their reduced density matrices. Results are also 
listed in Table IV. The fifth column clearly shows that PH test is not sufficient to prove 
the entanglement of these pure states. The sixth column indicates that the reduced 
matrices do not come from pure states. The seventh column gives the successful test of 
entanglement by PM test, which is 12 <ITr ρ  for all I. This criterion is in fact equivalent 
to the separability criterion given by Wang [26].  He defined a polarized vector Iξ
r
 from 
the reduced density matrix Iρ . The condition 1
2
=Iξ
r
 leads to 12 =ITr ρ .   The eighth 
column shows that, besides the first two states, all the states are robust after removing the 
subsystem I. The first two states, similar to the case of ±Ψ3  in Table II, have I
T
I
J ρρ =  
displaying the separability of the remaining system after I is removed. An unambiguous 
conclusion can therefore be drawn from all the different tests. 
 
The ±Ψ4  states are the GHZ states and are found to be 4-way entangled. They are 
most fragile toward the removing of any one qubit. The ±4W , unlike the 
±
3W counter part, 
are not the maximally robust states against the removing of any qubit because I
T
I
J ρρ = . 
This is consistent with the fact that this state is related to the fragile state ±Ψ3  as shown in 
Table III.  The rest of the states in eqs.(30-35) are robust against the removing of any 
single qubit.  
 
Four-partite states have been discussed by many authors [15, 16, 27 ]. Smolin 
constructed 4-qubit state through two pairs of entangled 2-quit states [15]. Lee et al. also 
constructed 4-qubit states from two pairs of 2-qubit states based on the angular 
momentum addition formalism [27]. Some of the states constructed are separable states.  
Verstraete et al. considered nine families of states and used the concept of concurrence 
and mixed 3-tangle to analyze those states [16]. Unlike the present construction the 
symmetries in the particle space and spin space were not simultaneously taken into 
account in the previous works. 
 
 24 
   The potential general entanglement measure has been proposed by Wong and 
Christensen [28]. They define “n-tangle τn” for even number of n greater than 3.  
 



=
=≡
∗⊗ ψσψ
ψψτ
n
y
nn C
~
~ 42
.....2,1        (37) 
 
where ∗ψ   is the complex conjugate of the n qubit state ψ , and ny⊗σ  denotes the spin 
flip operator in the n-qubit system. For n = 2, the expression in eq.(37) coincides with 
that of concurrence. 
 
 The calculated τ4 for our 4-qubit systems are given in the 4th column in Table V. 
Like the biqubit case, all the “4-tangles” equal to one for states with symmetry in spin 
space, and equal to zero for states without the symmetry. A± in eq.(7), E±, G±, L±, M±, and 
N± in eqs.(24-27) belong to the latter. This further demonstrates the important correlation 
between the “n-tangle” and the symmetry in spin space for even n. One may conjecture 
that only the states generated using the present method giving the required symmetry in 
spin space would all have maximum “n-tangle” for even n. The odd n systems have 
peculiar behavior. Their n-tangles have not yet been defined when n > 3. However, even 
3-tangle shows its increase in value when the symmetry in spin space is present as 
discussed in Sec. III(2). The “n-tangle” so defined is not by itself a measure of n-way 
entanglement as already mentioned by Wong and Christensen [28]. We find that the state 
011010011100001132 −−+=−≡
++ CCR , which is a two-subsystem (ac)-(bd) 
separable state, has “4-tangles” equal to one also. By examining the forms of R and 
eq.(37), it becomes obvious that τn defined in eq.(37) can accurately measure the degree 
of spin space symmetry in a state for even n, but not the n-way entanglement. How to 
define a n-tangle that can uniquely measure the n-way entanglement for n > 3 within 
multiqubit systems remains to be explored in the near future.  
 
There has not been any other alternative method to quantify the degree of 
entanglement for n > 3. The relative degree of entanglement for the states obtained here 
for n = 4 is further analyzed in detail by examining the concurrence of two-subsystem 
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split. The reduced matrices 2II ρρ ≠  in the 6th column of Table IV indicate that the 
corresponding state after tracing over one subsystem is no longer a pure state. Thus there 
is no direct way to evaluate the CI (JK) and τ3.  Listed in Table V are the evaluated values 
for CJK and CI (JKL) only. CJK represents the concurrence between any pair of qubits in the 
system unless specified by the particular pairs inside parenthesis. CI (JKL) represents the 
concurrence between the remaining (JKL) subsystem and any qubit, I, unless specified by 
the particular single qubit inside the parenthesis. CI (JKL) is equal to JKLρdet2  for the 
states under consideration. In order to compare the states with and without the symmetry 
in the spin space V2, we also evaluate the concurrences for the ±±± LGE ,,  and R states. 
As shown in Table V, there exists redistribution of entanglement when the symmetry sets 
in. In particular, the CI (JKL) increases with the symmetry and reaches maximum value 
when the pure states ±±± LGE ,,  change into ±±±Ψ 444 ,, XW , respectively.  The state R, like 
the F in n = 3, is separable, but has maximum concurrence for CI (JKL) and for some of the 
CJK. 
 
Based on the above analysis one may suggest that the symmetry in both the 
particle and spin spaces plays a significant role in the distribution and degree of 
entanglement in multipartite systems. 
  
The local operators xdxcxbxaxP σσσσ≡
)4(  and zdzczbzazP σσσσ≡
)4(  also serve as the 
phase bit and parity operators for the 4-partite states. 
 



Φ=
+=Φ−=ΦΨ+=Ψ
±=Φ±=ΦΨ±=Ψ
±±±±±±
±±±±±±
.,,,;3,2,1 44444
)4(
44
)4(
44
)4(
)4(
44
)4(
44
)4(
ZYXWarei
CCPPP
CCPPP
iizzz
iixxx
    (38) 
 
However, relations similar to eqs. (11 and 22) cannot be found through local operator 
transformations for n = 4. 
 
 Experimental demonstrations of four-partite entanglements were reported for 
photons [29-31] and for ions [32].  Theoretical construction of bound entangled states for 
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multipartite systems is therefore helpful to the future design of devices in quantum 
computing and teleportation. 
 
 
IV. Summary 
 
 We propose to use Young’s Tableaux to generate complete sets of basis states for 
multi-partite systems. These basis states possess the permutation symmetry in particle 
space V n given by the idempotent associated with each Tableau. They can also possess 
the required symmetry in the m-dimensional space associated with each partite by 
operating on with another appropriate operator in the Vm space, such as the )(nT± operator 
in spin space V2. In particular we apply this method to examine the m = 2, n = 2, 3, 4 
qubit systems. By analyzing the characteristics of each state we obtain the following 
results. 
 
(1).  The states generated from a given Young’s Tableau have the same total angular 
momentum but with different component mz. The states generated from each Young’s 
Tableau originated from the same Young’s Diagram have different partial angular 
momenta, and they are distinct but non-orthogonal states.  States obtained from all the 
Young’s Tableaux for a given n form a complete set of wave functions for the Vmn space. 
(2).  The )(nT± operator we defined in the spin space of the n-qubit systems changes the 
unentangled states A± , Q±, E±, in n = 2, 3, 4 cases, into maximally entangled states 
±±± ΨΨΦ GHZGHZBell 43 ,, , respectively. It also increases the degree of n-way entanglement of 
many other states. The )(nT± operator has the physical meaning of rotating the quantizing 
axis for the total angular momentum from z to x-axis and gives rise symmetry in spin 
space. 
 
 (3). The states generated from the λ=1 Tableau for (n +1)- partite are only related to 
those from the λ=1 Tableau for smaller partites. From the compatibility relation among 
other states listed in Tables I and III, the evolution of these states is consistent with 
simple graphical relations among the Young’s Tableaux. For example, in Fig. 1, Tableau 
(4, 1) is related to (3, 1) and (2, 1), Tableaux (4, 5) and (4, 3) are related with (3, 2); 
Tableaux (4, 4) and (4, 6) are related with (3, 3); etc. 
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(4). All the states generated are undistillable bound entangled states. This follows from 
the criterion that a maxially entangled state ρN can be distilled if and only if all possible 
bipartite splits of the N qubits have negative partial transposition [12]. The density 
matrices for n > 2 cases do not have negative partial transpositions and thus cannot be 
tested using the Pere-Horodecki criterion [19, 14]. However, more elaborate procedures 
given by Pope-Milburn criterion [20] are used to test the inseparability of those states. 
From the tested results we conclude that for the states we generate the criterion ρρ ≠IT  
is a sufficient condition for state entanglement. We are willing to conjecture that all the 
states generated for n > 4 qubit systems following our procedure are also undistillable 
bound entangled states.  
 
(5). States generated from the same Young’s Tableau have the same partial transposition 
property. 
 
(6). The separability of our n-partite pure states are completely determined by their two-
partite reduced density matrices in Tables II and IV. This is consistent with the conjecture 
given in Ref. 33. 
 
(7). The calculated “n-tangles” for our n =2 and 4 states are all equal to one signifying the 
complete spin space symmetry. Our conjecture is that this will hold for all states 
generated from Young’s Tableaux for even n.  However, “n-tangles” does not measure n-
way entanglement.  The relative degree of entanglement for the states obtained here for n 
= 4 remains to be determined in the future. 
 
(8). Symmetry plays a significant role in the distribution of  entanglement among the 
qubits. 
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Table I 
 
Angular momentum associated with each 2-qubit and 3-qubit state. 
( is
r  represents the spin state of the i-th qubit, and J represents the total angular momentum)  
 
     state  si J mJ                       Compatibility           Symmetric w.r.t. 
_____________________________________________________________________________________________  
 ±ΦBell  1          ±1                         a, b 
 +ΨBell                   1            0                          a, b 
 −ΨBell                 0            0                                      a, b 
±Ψ3      1=+ ba ss
rr     
2
3          
2
3±                        ±ΦBell                       a, b, c 
 ±3W      1=+ ba ss
rr                
2
3          
2
1±         ±ΦBell , 
+ΨBell                       a, b, c   
 ±3U      1=+ ba ss
rr        
2
1          
2
1±          ±ΦBell , 
±ΨBell               a, b 
 ±3V      1=+ ca ss
rr                
2
1          
2
1±         ±ΦBell , 
±ΨBell                          a, c 
 ±F      0=+ bc ss
rr                
2
1          
2
1±              −ΨBell                 b, c 
 
  
Table II 
Entanglement tests with each 2-qubit and 3-qubit state. 
 
( ITρ  represents the partial transposition of the density matrix ρ with respect to the subsystem I which is one of the qubits list 
in the third column, and  Iρ  represents the reduced matrix tracing over the subsystem I of ρ . CJK is the concurrence of two-
qubit entanglement. IJK represents the cyclic permutation of the qubits. τ3 represents 3-tangle. ) 
 
state  2ρ          I            ITρ     ITρdet       2Iρ      2ITr ρ     JTIρ  JTIρdet  CJK   CI(JK)   Eτ τ3   
_____________________________________________________________________________________________________ 
±ΦBell  ρ         a, b          ρ≠        − 2
1        Iρ≠        2
1                               1                                   maximally entangled  
±ΨBell  ρ         a, b     ρ≠        − 2
1        Iρ≠        2
1                       1                                   maximally entangled   
±Ψ3  ρ        a, b, c       ρ≠           0        Iρ≠        2
1       Iρ=        0        0        1        0       1      bound entangled, fragile 
±
3W  ρ         a, b, c      ρ≠           0        Iρ≠        18
13      Iρ≠      <0       3
1       
3
5      
3
1      
3
1      bound entangled, robust  
±
3U   ρ           c           ρ≠           0        Iρ≠         9
5       Iρ≠     <0       3
1      
3
22      1       0      (bound entangled, symmetric  
    a, b        ρ≠           0        Iρ≠        18
13       Iρ≠     <0       3
2       
3
5                         with respect to qubit a and b) 
±
3V   ρ            b          ρ≠           0        Iρ≠         9
5       Iρ≠     <0        3
1      
3
22      1      0      (bound entangled, symmetric 
    a, c        ρ≠           0        Iρ≠         18
13      Iρ≠     <0        3
2      
3
5                        with respect to a and c)  
±F   ρ       c         ρ=           0        Iρ=          1        Iρ≠     <0         1         0        1      0      (unentangled, and  
    a, b        ρ≠           0       Iρ≠          2
1       Iρ=      <0         0         1                         antisymmetric w.r.t. a and b) 
±
2Q  ρ         a, b, c      ρ≠           0        Iρ≠         9
5       Iρ≠      <0        3
2      
3
22      
3
4     0      bound entangled, robust 
  
Table III 
 
Angular momentum associated with each 4-qubit state. 
(si represents the spin state of the i-th qubit, and J represents the total angular momentum) 
  
 
 state             si       J               mJ                    Compatibility      Symmetric w.r.t. 
____________________________________________________________________________________________ 
 ±Ψ4   cba sss
rrr
++ =
2
3        2                 ±2                          ±Ψ3                     a, b, c, d 
 ±4W   cba sss
rrr
++ =
2
3        2                 ±1                         ±±Ψ 33 , W                   a, b, c, d 
 +1C   cba sss
rrr
++ =
2
3        2                   0                            ±3W                      a, b, c, d 
 ±4X   cba sss
rrr
++ =
2
3        1                 ±1                         ±±Ψ 33 , W                      a, b, c  
      −1C   cba sss
rrr
++ =
2
3        1                   0                         ±± 33 , UW                    a, b, c 
 ±4Y    dba sss
rrr
++ =
2
1                  1                 ±1                              ±3U                        a, b, d 
 −2C   dba sss
rrr
++ =
2
1                  1                   0                               ±3U            a, b, d  
±
4Z   dca sss
rrr
++ =
2
1                  1                    ±1                               ±3V                        a, c, d 
 −3C   dca sss
rrr
++ =
2
1                  1                   0                                ±3V             a, c, d 
 +2C      ba ss
rr
+ = dc ss
rr
+ =1               0                   0                               ±3U         (a, b), (c, d)   
 +3C       ca ss
rr
+ = db ss
rr
+ =1              0                   0                                ±3V         (a, c), ( b, d)   
 
 
  
Table IV 
Entanglement tests with each 4-qubit state. 
 
( ITρ  represents the partial transposition of the density matrix ρ with respect to the subsystem I which is one of the subsystems 
list in the third column, and  Iρ  represents the reduced matrix tracing over the subsystem I of ρ . J is a single quibit that does 
not belong in the subsystem I.) 
  
 state    2ρ                   I                             ITρ              ITρdet           2Iρ            2ITr ρ                JTIρ                 JTIρdet    
______________________________________________________________________________________________________ 
±Ψ4  ρ         a, b, c, d, ab, ac, ad             ρ≠             0            Iρ≠              2
1         Iρ=             0    
   
±
4W  ρ          a, b, c, d, ab, ac, ad            ρ≠                    0            Iρ≠              2
1        Iρ=                      0          
+
1C  ρ                   a, b, c, d                     ρ≠                    0            Iρ≠              2
1                 Iρ≠                      0          
              ab, ac, ad                    ρ≠              0            Iρ≠             2
1                 Iρ≠                   < 0 
±
4X   ρ                 a, b, c, d                      ρ≠                     0   Iρ≠            2
1         Iρ≠                  0          
         ad, bd, cd, ba, bc              ρ≠                   0      Iρ≠             2
1         Iρ≠                   < 0 
−
1C   ρ             a, b, c, d          ρ≠                     0   Iρ≠             2
1         Iρ≠                   0          
               cd, ba                      ρ≠                     0      Iρ≠             2
1         Iρ≠                   < 0 
+
2C    ρ               cd, ab           ρ≠                    0           Iρ≠             3
1         Iρ≠                    > 0          
     c, d           ρ≠                      0      Iρ≠             2
1         Iρ≠                    > 0 
     a, b           ρ≠                    0      Iρ≠             2
1         Iρ≠                    = 0 
                        ad, bd, ac, bc          ρ≠                     0          Iρ≠             12
7         Iρ≠                    < 0 
  
                                                                                                                               
Table V 
 Concurrences of two-partites in each 4-qubit state. 
 
(CJK represents the concurrence between any pair of qubits in the system unless specified by the parenthesis (JK).  CI (JKL)  
represents the concurrence between  any qubit I  and the rest of the system JKL unless specified by (I). τ4 represents 4-tangle.) 
  
 state                               CJK                            CI (JKL)                τ4 
______________________________________________________________________________________________________ 
±Ψ4           0                               1                 1    
±
4W           0                                                           1                1 
+
1C          3
1                   1                    1 
±
4X                           3
1                   1                1 
−
1C               3
1                              1                 1 
+
2C         0    ( cd, ab ),       2
1   (ac, bc, ad, bd)                            1                         1 
±E           0                  0      0 
±G          
2
1                 
2
3                  0 
±L              
2
1   (ad, bd, cd ),        
6
1    (ab, bc, ac )           
2
3   ( d ),     
6
11  (a, b, c )               0 
         
 R          0   ( ad, bc, ab, cd ),   1   (ac, bd )      1                  1  
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 Figure caption 
 
 Fig.1.  Young’s Tableaux for permutation groups n = 2, 3, and 4. The label for 
each Tableau is designated by (n, λ). 
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